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§ 1. Introduction 
In a previous paper 1) the author introduced a projective geometry 
with as absolutum: a plane, an invariant line in it and an invariant 
point on this line. The direction of that invariant line was taken as 
"normal direction~'. The group of transformations was given by 
(inhomogeneous): 
i1 = x1 + ax2 + bx3 + c ) 
X2= x2+dx3+e ( 
X3= X3+ f J 
The metric was very simple, we repeat only: 
The distance of the ordered pair of points (x1, x2, X3) and (YI. y2, y3) 
is y3- X3. If this distance is zero for two different points, y2- X2 is called 
the distance of second order and if this distance is zero too, y1 - x1 is 
the distance of third order. 
The angle between the ordered pair of vectors (h, l2, l3) and (m1, m2, m3) 
is m2/m3'- l2/l3; if this angle is zero, m1jm3- hfl3 is the angle of second order. 
A curve was written in the form: 
X1=X1(s), X2=X2(s), X3=S. 
The tangent was supposed to be non-parallel to the plane x3 =0 and 
x=x2" was called the curvature. For the vector v2 ... (x1"fx2", I, 0) we 
found: V2' = r(l, 0, 0). A curve is in a plane parallel to the normal 
direction if and only if x = 0 and in an other plane if and only if r = 0. 
A surface was given by 
X1=X1(U, V), X2=X2(U, V), Xa=U, 
with conjugate u- and v-curves and 
X1~=VX~, X~~O. 
Developable and ruled surfaces with generators parallel to the plane 
X3 = 0 were excluded. A characteristic function was introduced: rp = vx2- x1, 
1 ) Differential geometry of a particular group of projective transformations, 
Proceedings, Series A 60, no. 2 and Indag. Math. 19, no. 2, 1957. 
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with the property that 
({Jvv = X2v =I= 0, ({Juuv = X2uu 
are invariants. Thus the surface can be written as 
In the following we shall consider some properties of ruled surfaces 
in this geometry. There will be much resemblance with the corresponding 
properties in euclidean geometry. The line of striction and the parameter 
of distribution will appear and some theorems and the characteristic 
function of a ruled surface will be derived. 
§ 2. The ruled surface 
To avoid complications we do not consider cones and cylinders and 
we suppose that the directrix of the ruled surface does not have any 
point with a tangent parallel to the plane x3 = 0. Then a ruled surface 
can be given by 
X1=X1(v)+h(v)u ~ 
X2=X2(v) +l2(v)u 
Xa= v +la(v)u 
The surface 1s developable if and only if 
(l) [x', 1, 1']=0 
The ruled surface, formed by the v2-vectors of the directrix 
X=x+v2u, 
is developable if and only if the directrix is plane, for (l) gives 
X1 1 
X1" 
X2" 
T 
X2' l 0 = 0, 
l 0 0 
so T=O and the curve lS a plane curve. 
§ 3. The line of striction 
The line of striction on a ruled surface is defined as follows. Let the 
normal, meeting two generators with parameter values v and v+Llv, 
intersect the first generator in the point A. The limit position of A, as 
.dv __,. 0, is called the central point of the generator. The locus of these 
points is called the line of striction. 
The equation of the plane containing the generator with parameter 
value v + .dv and the normal is 
I X2-X2-L1X2 Xa- v-.dv 
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The u-value of A is obtained by intersecting this plane with the generator 
with parameter value v: 
IZ2u-Llx2 lau-Liv 
l z2 LIZ21 u = I Llx2 la Lila Llv 
Supposing l2la' -lal2' ~ 0 (see below, remark a), the u-value of the central 
point is 
(2) x2'la-l2 U = l2la' -lal2' 
Numerator and denominator are invariants, the position of the central 
point on the generator does not depend on the coordinate system. 
Remarks 
a. The generators are parallel to a fixed plane through the x1-axis 
if and only if Z2Z3' -ZaZ2' = 0. In this case the line of striction is the line 
at infinity of that plane. 
b. The line of striction of the tangent surface of a curve is that curve: 
u = 0 for the central point. 
Theorem 
The line of striction is the locus of the points of the ruled surface with 
tangent plane parallel to the normal direction. 
Proof: 
Suppose u=u(v) gives the points on the generators with tangent plane 
parallel to the x1-axis. The tangent plane in such a point is determined 
by the tangent vector of the curve X=x+u(v)l and the vector I, thus by 
x' +ui' +u'I and I or by x' +ui' and 1. 
This plane is parallel to the x1-axis if and only if 
I x2' +ul2' l + ula' 
in accordance with (2). 
Corollary l 
If each generator is turned in the tangent plane around its central 
point in such a way that in the new position I(v) is a differentiable 
function of v again, a new ruled surface is obtained with the same line 
of striction. 
Corollary 2 
The ruled surface, formed by the v2-vectors of the directrix has the 
line at infinity as line of striction. 
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Corollary 3 
If a curve is given, we can construct ruled surfaces with this curve as 
line of striction. We only have to take Z3 = l, Z2 =x2' and for lr an 
arbitrary differentiable function of v. 
Corollary 4 
If a curve c is given and at each point x of this curve the line 
X=x+av2 +ux' (a constant, u is the parameter of the line) is considered, 
then these lines form a ruled surface with the curve c1 X= x + av2 as 
line of striction. 
This follows immediately from corollary 3. 
§ 4. The parameter of distribution 
Let Llr be the length of third order of the line segment in the direction 
of a normal joining the generators with parameter values v and v + Llv 
and let Llq;> be the angle between these generators. Then we define the 
parameter of distribution as 
k = lim Llrp. 
Llv-+0 L1 r 
To find Llr, we determine the equation of the plane through the 
generator corresponding to v+Liv, parallel to the generator corresponding 
to v and we determine the intersection point of this plane and the line 
X2=Xz(v), Xa=V. Substituting Xz=X2(v), X3=V m 
Xl-Xl-LIXl lr + Llh ll 
Xz-xz-Lix2 lz + Lllz lz = 0, 
Xa- v-Liv Z3 + LIZ3 Za 
we obtain 
Llxi Llh li 
Llx2 Lll2 l2 
Llv Lila la 
laLll2 -l2Llla 
Now 
so 
k _ 1. Llrp _ (lsl2' -l2la') 2 
- Ill -;;- - - l 2[ I 1 1'] Llv-+O Llr s x,, 
If we take the line of stricti on as directrix and z3 = l' we find from ( 2) : 
-x2''2 
k= ...,.....-----..,... 
XI 1 li h' 
-u2 u 
-u(xi' -h) = XI' -li' 
X2 1 X2 1 X2 11 
1 1 0 
so k equals the curvature, divided by the angle of second order between 
the generator and the line of striction in the considered point. 
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Remarks 
a. If the generators are parallel to a plane through the normal 
direction, ZaL1Z2 -l2Llla = 0 and we define k = 0. 
b. If the ruled surface is developable, k is "infinite". 
As in euclidean geometry we can prove some properties of the tangent 
planes in points of a same generator, for instance: the tangent plane 
turns around the generator, unless [x', 1, 1']=0. In this case the ruled 
surface is developable. 
§ 5. The characteristic function of a ruled surface 
Finally we determine the characteristic function of 11. ruled surface. 
As we only consider ruled surfaces with generators not parallel to the 
plane xa = 0, it can be written in the form 
Putting: 
we obtain 
X1 =X1(v) + h(v)u l' 
X2=X2(v) +Z2(v)u 
Xa= v + u 
X1=Y1+hu1l 
X2=Y2+Z2u1 , 
Xa u1 
y1, y2, h and Z2 are functions of v. Now 
The curves conjugate to U1 =constant are obtained from the differential 
equation 
Mdu1 +Ndv= 0, 
which has the form 
M(v) du1 + {A(v) + B(v) u1 +O(v) u12}dv= 0. 
In general, this is an equation of Riccati. Supposing that the solution is 
written in the form F(u1, v) =constant, with oFfov i= 0, we put v1 = F(u1, v) 
and we take U1 and v1 as new parameters. Putting now 
U= Ul ' 
rp is given by 
Example 
We have 
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( XI=2v3+v2u=v3+v2ui 
) X2= v2+ vu= vu1 ~ Xa= v+ U= UI 
3v2 VI=- +2v. 
u1 
oX1 oX1 
_ ov1 ~ 3v2+2vu1 
V = -- = -- = =VI. 
oX2 oX2 u1 
OVl ~ 
) 
XI = 217 UI {2ui2 ± (- 2ui + 3vi) Vui2 + 3ulvl} 
X2 =lui { -ui±Vui2+3uivi} 
. Xa = U1, 
the characteristic function of the surface. 
Technische Hogeschool, Delft 
